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The dust polarization is parameterized as a power law form of the multipole l: DXXl = AXX l(l+1)lαXX/(2pi) (XX
denotes BB or EE), where AXX is its amplitude with the ratio ABB/AEE = 0.52± 0.02 and αBB,EE = −2.42± 0.02.
Extrapolating to 150GHz from 353GHz yields a value of DBBl=80 = (1.32 ± 0.29) × 10−2µK2 (and an additional
uncertainty (+0.28,−0.24) × 10−2µK2) over the range 40 < l < 120. Based on these data, we report the tensor-
to-scalar ratio r = At/As defined at k0 = 0.05Mpc−1 by joining the BICEP2+Planck2013+WMAP9+BAO+HST
and Planck HFI 353GHz dust polarization and its implication to the detection of the primordial gravitational
waves. Considering the ΛCDM+r model, we found r < 0.108 at 95% confidence level with σstat = 0.29 and
r < 0.129 at 95% confidence level with σstat+extr = 0.29 + 0.28. The results imply no significant evidence for
the primordial gravitational waves in 1σ regions. However the post probability distribution of r peaks at a small
positive value. And r moves to larger positive values when the extrapolation error bars are included. This might
imply a very weak signal of the primordial gravitational waves. It also implies the crucial fact in calibrating
the amplitude of the dust polarizations in detecting the primordial gravitational waves in the future. When the
running of the scalar spectral tilt is included, we found r < 0.079 at 95% confidence level with σstat = 0.29 and
r = 0.091+0.042
−0.069 at 95% confidence level with σstat+extr = 0.29 + 0.28. The later one implies the detection of the
primordial gravitational waves in 1σ regions at the cost of decreasing the value of DBBl=80 to 0.67+0.25−0.25.
I. Introduction
The Background Imaging of Cosmic Extragalactic Polar-
ization (BICEP2) experiment [1, 2] has detected the B-modes
of polarization in the cosmic microwave background, where
the tensor-to-scalar ratio r = 0.20+0.07
−0.05 with r = 0 disfavored
at 7.0σ of the lensed-ΛCDM model was found. However,
it was debated that what BICEP2 detected is not the signal
of the primordial gravitational waves but is the contamina-
tion coming from the foreground [4–6]. Recently, Planck
group measured the dust angular power spectrum of DXXl =
l(l + 1)CXXl /(2pi) (XX denotes EE or BB) over the multipole
range 40 < l < 600 at intermediate and high Galactic lati-
tudes form 100GHz to 353GHz. Extrapolation of the Planck
353GHz data to 150GHz gives almost the same magnitude as
that of BICEP2 signal [7] in the range 40 < l < 120. Al-
though the measured ratio between the amplitudes of B and E
modes polarization power spectra is CBBl /CEEl = 0.53 which
is not consistent with current theoretical models. The spec-
tral energy distribution (SED) of the dust DXXl from 100GHz
to 353GHz is accurately described by the modified dust emis-
sion law that allows the extrapolation to 150GHz of BICEP2.
Therefore, it deserves to reanalyze the BICEP2 data including
the possible detected dust polarization contamination. Actu-
ally, it was done in [8] where r < 0.083− 0.087 at 95% confi-
dence level in the base ΛCDM+r model without and with the
extrapolation error bars were given.
In this paper, we will reanalyze the tensor-to-scalar ratio in
the following data sets:
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(i) For the Planck 353GHz polarization data, we use the
dust power DXXl = l(l+ 1)CXXl /(2pi) which is parameterized in
the power law form of multipole l
DXXl = A
XXl(l + 1)lαXX/(2pi), (1)
where XX denotes the B-mode or E-mode polarization, AXX
is its amplitude. In this work, we take the correspond-
ing model parameters with the following Gaussian priors:
DBBl=80 = (1.32±0.29)×10−2µK2 (and an additional uncertainty
(+0.28,−0.24) × 10−2µK2 from the extrapolation over the
range 40 < l < 120), αBB,EE = −2.42 ± 0.02 and ABB/AEE =
0.53± 0.02 instead of their central values [7]. One should no-
tice that the extrapolation error σextr = 0.28×10−2µK2 instead
of (+0.28,−0.24)× 10−2µK2 is adopted in this work. And the
E-mode polarization is also included in our data analysis.
(ii) The released BICEP2 CMB B-mode data [1, 2].
(iii) The full information of CMB which include the re-
cently released Planck data sets which include the high-l TT
likelihood (CAMSpec) up to a maximum multipole number of
lmax = 2500 from l = 50, the low-l TT likelihood (lowl) up to
l = 49 and the low-l TE, EE, BB likelihood up to l = 32 from
WMAP9, the data sets are available on line [9].
(iv) For the BAO data points as ’standard ruler’, we use
the measured ratio of DV/rs, where rs is the co-moving sound
horizon scale at the recombination epoch, DV is the ’volume
distance’ which is defined as
DV (z) = [(1 + z)2D2A(z)cz/H(z)]1/3, (2)
where DA is the angular diameter distance. The BAO data in-
clude DV (0.106) = 456±27 [Mpc] from 6dF Galaxy Redshift
Survey [10]; DV (0.35)/rs = 8.88± 0.17 from SDSS DR7 data
[11]; DV (0.57)/rs = 13.62 ± 0.22 from BOSS DR9 data [12].
2Here the BAO measurements from WiggleZ are not included,
as they come from the same galaxy sample as P(k) measure-
ment.
(v) The present Hubble parameter H0 = (73.8 ±
2.4)km s−1Mpc−1 from HST [13] is used.
The scalar and tensor mode power spectra are parameter-
ized as
Ps(k) ≡ As(k/k0)ns−1+ 12αs ln(k/k0), (3)
Pt(k) ≡ At(k/k0)nt , (4)
where ns − 1 and nt are tilts of power spectrum of scalar
and tensor modes, k0 = 0.05Mpc−1 is the pivot scale, and
αs = dns/d ln k is the running of the scalar spectral tilt. The
primordial tensor-to-scalar ratio is defined by r ≡ At/As at dif-
ferent pivot scale, here, they are r defined at k0 = 0.05Mpc−1
and r0.002 defined at k0 = 0.002Mpc−1. Adiabatic initial con-
ditions and inflation consistence relation nt = −r/8 were as-
sumed in this paper.
II. Constrained Results
We performed a global fitting to the model parameter space
on the Computing Cluster for Cosmos by using the publicly
available package CosmoMC [14], which includes CAMB
[15] to calculate the CMB power spectra. We modified the
code to include the Planck dust polarization data and three
new model parameters DBBl=80, A
BB/AEE and αXX which pri-
ors are summarized in Table I. The running eight chains
were stopped when the Gelman & Rubin R − 1 parameter
R − 1 ∼ 0.02 was arrived; that guarantees the accurate con-
fidence limits. The obtained results are summarized in Table
I and Figure 1 for the contour plots with and without the ex-
trapolation error bars.
Parameters Priors Mean with errors (σstat) Best fit (σstat) Mean with errors (σstat+extr) Best fit (σstat+extr)
Ωbh2 [0.005, 0.1] 0.02208+0.00025−0.00025 0.02194 0.02209+0.00025−0.00025 0.02207
Ωch2 [0.01, 0.99] 0.1179+0.0016−0.0017 0.1171 0.1178+0.0017−0.0017 0.1170
100θMC [0.5, 10] 1.04153+0.00056−0.00055 1.04166 1.04151+0.00056−0.00056 1.04193
τ [0.01, 0.8] 0.067+0.022
−0.018 0.065 0.069+0.021−0.018 0.085
ln(1010As) [2.7, 4.0] 3.038+0.043
−0.036 3.035 3.043+0.043−0.036 3.072
ns [0.5, 1.5] 0.9629+0.0057−0.0059 0.9660 0.9637+0.0056−0.0057 0.9685
r [0, 1] 0.045+0.011
−0.045 0.044 0.057+0.015−0.057 0.061
H0 73.8 ± 2.4 68.08+0.74−0.74 68.28 68.13+0.77−0.75 68.50
r0.002 ... 0.041+0.010−0.041 0.040 0.053+0.014−0.053 0.057
r0.01 ... 0.043+0.010−0.043 0.042 0.055+0.014−0.055 0.059
ΩΛ ... 0.6964+0.0097−0.0098 0.7005 0.6971+0.0099−0.0098 0.7022
Ωm ... 0.3036+0.0097−0.0097 0.2995 0.3029+0.0098−0.0099 0.2978
zre ... 8.8+2.2
−1.5 8.8 9.1+2.2−1.5 10.6
Age/Gyr ... 13.799+0.036
−0.037 13.806 13.798+0.037−0.038 13.785
DBBl=80 × 10−2 1.32 ± 0.29/ ± 0.28 0.96+0.19−0.19 0.91 0.80+0.23−0.23 0.82
ABB/AEE 0.53 ± 0.02 0.53+0.02
−0.02 0.53 0.53+0.02−0.02 0.53
αXX −2.42 ± 0.02 −2.41+0.02
−0.02 −2.42 −2.41
+0.02
−0.02 −2.41
TABLE I. The priors, mean values with 1σ errors and the best fit values of the model parameters and derived cosmological parameters by
using Planck2013+PlanckDUST+WMAP9+BICEP2+BAO+HST data points for ΛCDM+r model with and without the extrapolation error
bars.
As shown in Table I and Figure 1, by joining BI-
CEP2+Planck2013+PlanckDUST+WMAP9+BAO+HST,
we found the bounds to the tensor-to-scalar ratio r < 0.108
at 95% confidence level without extrapolating error bars
and r < 0.129 at 95% confidence level with extrapolating
error bars for the ΛCDM+r model. It implies no significant
evidence of the primordial gravitational waves. Our results
are consistent with that obtained in [8]. However, as a com-
parison to the results obtained in [8], a relative larger bound
was obtained in this work. It is due to the fact that we have
considered the propagation of errors for the dust polarization
model parameters DBBl=80, A
BB/AEE and αXX . From Table I
and the Figure 1, one can read off that the tensor-to-scalar
ratio r peaks around at a small positive value instead of 0 as
shown in [8]. And the deviation becomes larger when the
extrapolating error bars are include. It might imply a faint
signal of the primordial gravitational waves.
In Figure 2, we show 1D marginalized distribution and 2D
contours for HFI 353GHz dust polarization model parameters
obtained from our data analysis. One should notice that the
values of DBBl=80 = (0.96 ± 0.19) × 10−2µK2 are smaller than
that suggested in [7]. And when the extrapolation error bars
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FIG. 1. The 1D marginalized distribution and 2D con-
tours for r0.002 and ns with 68% C.L., 95% C.L. by using
Planck2013+PlanckDUST+WMAP9+BICEP2+BAO+HST data
points for ΛCDM+r model with and without the extrapolation error
bars.
are included, the value of DBBl=80 is decreed. It is the main rea-
son of the peak of r around a small positive value instead of 0.
It implies the importance to calibrate the amplitude of polar-
izations of the dust for detecting the primordial gravitational
waves in the future.
When the running of the scalar spectral tilt is included, the
results are gathered in Table II, Figure 3 and Figure 4 though
the same data combination. One can see that the inclusion
of the running of the scalar spectral tilt makes the tensor-to-
scalar ratio r and reionization redshift zre larger. When the sta-
tistical and extrapolating error bars σstat+extr = 0.29+0.28 are
considered, the primordial gravitational waves can be detected
in 1σ regions at the cost of decreasing the value of DBBl=80 to
0.67+0.25
−0.25. It again implies the importance to calibrate the am-
plitude of polarizations of the dust for detecting the primordial
gravitational waves.
Parameters Priors Mean with errors (σstat) Best fit (σstat) Mean with errors (σstat+extr) Best fit (σstat+extr)
Ωbh2 [0.005, 0.1] 0.02227+0.00027−0.00027 0.02238 0.02230+0.00028−0.00028 0.02227
Ωch2 [0.01, 0.99] 0.1181+0.0016−0.0017 0.1184 0.1180+0.0016−0.0017 0.1178
100θMC [0.5, 10] 1.04156+0.00057−0.00057 1.04162 1.04159+0.00056−0.00056 1.04165
τ [0.01, 0.8] 0.079+0.021
−0.021 0.095 0.083+0.021−0.020 0.083
ln(1010As) [2.7, 4.0] 3.066+0.042−0.042 3.102 3.075+0.042−0.041 3.075
ns [0.5, 1.5] 0.9599+0.0064
−0.0063 0.9563 0.9604+0.0064−0.0064 0.9642
nrun [−1, 1] −0.0144+0.0097−0.0096 −0.0200 −0.0169+0.0101−0.0101 −0.0129
r [0, 1] 0.063+0.016
−0.063 0.008 0.091+0.042−0.069 0.104
H0 73.8 ± 2.4 68.15+0.74
−0.75 68.18 68.22+0.77−0.75 68.29
r0.002 ... 0.062+0.015−0.062 0.008 0.093+0.034−0.082 0.103
r0.01 ... 0.061+0.015−0.061 0.008 0.090+0.039−0.0721 0.102
ΩΛ ... 0.6961+0.0104−0.0096 0.6959 0.6969+0.0099−0.0098 0.6983
Ωm ... 0.3039+0.0096−0.01046 0.3041 0.3031+0.0098−0.0099 0.3017
zre ... 9.9+2.1−1.7 11.4 10.3+2.0−1.6 10.4
Age/Gyr ... 13.780+0.039
−0.039 13.768 13.776+0.040−0.039 13.777
DBBl=80 × 10−2 1.32 ± 0.29/ ± 0.28 0.91+0.20−0.20 1.18 0.67+0.25−0.25 0.71
ABB/AEE 0.53 ± 0.02 0.53+0.02
−0.02 0.54 0.53+0.02−0.02 0.54
αXX −2.42 ± 0.02 −2.41+0.02
−0.02 −2.41 −2.41
+0.02
−0.02 −2.40
TABLE II. The same as Table I but including the running of the scalar spectral tilt.
III. Conclusion
In this work, we reanalyzed the con-
straint to the tensor-to-scalar ratio r by joining
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FIG. 2. The 1D marginalized distribution and 2D contours
for HFI 353GHz dust polarization model parameters by using
Planck2013+PlanckDUST+WMAP9+BICEP2+BAO+HST data
points for ΛCDM+r model with and without the extrapolation error
bars.
Planck2013+PlanckDUST+WMAP9+BICEP2+BAO+HST
data points forΛCDM+r model. Here in the data analysis, the
error bars of the dust polarization parameters DBBl=80, A
BB/AEE
and αXX were included. As a result, we obtained the bound to
r < 0.108 at 95% confidence level without extrapolating error
bars and r < 0.129 at 95% confidence level with extrapolating
error bars for the ΛCDM+r model which are relative larger
than that obtained in [8]. As a comparison to the results
obtained in [8], where r is central at r = 0, we found a small
positive value instead of zero in this work. And the positive
value becomes larger when the extrapolation error bars were
included. It might imply very weak signal of the primordial
gravitational waves. But one should notice that the values
of DBBl=80 are smaller than that suggested in [7]. It implies
that the calibration of the amplitude of polarizations of the
dust is crucial to pin down the detection of the primordial
gravitational waves. However when the running of the scalar
spectral tilt is included, the values of the tensor-to-scalar
ratio r and reionization redshift zre are increased. Even the
primordial gravitational waves can be detected in 1σ regions
at the cost of decreasing the value of DBBl=80 to 0.67
+0.25
−0.25, when
statistical and extrapolating error bars σstat+extr = 0.29 + 0.28
are considered
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FIG. 3. The same as Figure 1 but including the running of the scalar
spectral tilt.
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